Abstract. In this present investigation, we found a set of sufficient conditions to be imposed on the parameters of the Fox H-functions which allow us to conclude that it is non-negative. As applications, various new facts regarding the Fox-Wright functions, including complete monotonicity, logarithmic completely monotonicity and monotonicity of ratios are considered.
Introduction
The Fox H-function plays an important role in various branches of applied mathematics , many areas of theoretical physics, statistical distribution theory, and engineering sciences. More recently, the Fox H-function are special functions of fractional calculus, as well as in their applications, including nonGaussian stochastic processes and phenomena of nonstandard (i.e. anomalous) relaxation and diffusion see e.g. [7, 9, 10, 11, 12] . For the reader's convenience, let us start with the definition. To simplify the notation we introduce (a p , A p ) = ((a 1 , A 1 ), (a 2 , A 2 ), ..., (a p , A p )) or the set of parameters appearing in the definition of Fox H-functions. The Fox H-function is defined via a Mellin-Barnes type integral as where, as usual, N = {1, 2, 3, ...} , N 0 = N ∪ {0} , R, R + and C stand for the sets of real, positive real and complex numbers, respectively. The convergence conditions and convergence radius of the series at the right-hand side of (1.2) immediately follow from the known asymptotic of the Euler Gamma-function. The defining series in (1.2) converges in the whole complex z-plane when
If ∆ = −1, then the series in (1.2) converges for |z| < ρ, and |z| = ρ under the condition ℜ(µ) > 1 2 , (see [13] for details), where
If, in the definition (1.2), we set
we get the relatively more familiar generalized hypergeometric function p F q [.] given by
The three-parameter Mittag-Leffler type function E γ α,β (z) is defined by (see [15] )
It is easily seen from the definition (1.6) that
z . 
The special case for which the H-function reduces to the Meijer G-function is when
Additionally, when setting A i = B j = 1 in (1.8) (or A = 1 in (1.10)), the H-and Fox-Wright functions turn readily into the Meijer G-function. For the reader's convenience, we first recall the definition of the completely monotone functions: A real valued function f, defined on an interval I, is called completely monotonic on I, if f has derivatives of all orders and satisfies
The basic property of the completely monotone functions is given by the Bernstein theorem ( see, e.g., [8] ) that says that a function f : (0, ∞) → R is completely monotone if and only if it can be represented as the Laplace transform of a non-negative measure (non-negative function or generalized function).
An infinitely differentiable function f :
A positive function f is said to be logarithmically completely monotonic on an interval I if its logarithm log f satisfies (1.12) (−1) n (log f ) (n) (x) ≥ 0, n ∈ N, and x ∈ I.
In [2, Theorem 1.1] and [14, Theorem 4] , it was found and verified once again that a logarithmically completely monotonic function must be completely monotonic, but not conversely. Motivated by the papers [3, 4] , our aim in this investigation is to give sufficient conditions so that some class of functions related to the Fox H-functions are non-negative functions. Applying this results, various new facts regarding the Fox-Wright functions, including complete monotonicity, logarithmic completely monotonicity and monotonicity of ratios are established.
Some Lemmas
In the proof of the main results we will need the following lemmas, which we collect in this section. The first Lemma is about some properties for the Fox H-functions, see [5] for more details. , k > 0.
Property 5. For σ ∈ C, the following relation holds
.
In the following three lemmas we present some integral representations for the Fox-Wright functions, which plays a crucial role in the proof of some Theorems given in Section 3, see [3, 4] for a proofs.
hold true. Moreover, the function
is completely monotonic on (0, ∞), if and only if, the function H 
Moreover, the function
− z is logarithmically completely monotonic on (0, 1).
possesses the following integral representation
are completely monotonic on (0, ∞). 
Note that if f and g are asynchronous (one is decreasing and the other is increasing), then (2.18) is reversed.
positivity of some class of functions related to the Fox H-functions
Our first main result is asserted in the following Theorem.
Theorem 1. Under the conditions
By using the fact that F γ,τ α,β is radial function in x, and since the radial Fourier transform in d dimensions is given in terms of the Hankel transform, that is
(.) is the Bessel function. In view of the above formula and Lemma 1, we get
(1,1),(α−β+1,α)
(3.21)
Under the hypotheses (H 1 ), Tomovski el al. [18] , proved that the function e
is completely monotonic on (0, ∞). Let 0 < τ < 2. Then the function g(λ) = λ τ 2 is a Bernstein function. By using the fact that the composition of a completely monotone function and a Bernstein function is completely monotone, we deduce that the function e
is completely monotone for 0 < τ < 2, α, β ∈ (0, 1), γ > 0, β ≥ αγ and consequently the function e γ α,β (t, λ τ 2 ) is completely monotone under the hypotheses (H 1 ). Therefore, by using the Schoenberg Theorem ( see [17, Theorem 7 .14]), we gave that the function e , (α, β ∈ (0, 1), γ, r > 0, β ≥ αγ),
. Now, setting γ = 1 in (3.19). By repeating the above procedure, we get that the function
is non-negative. This proves the second statement.
Now, putting γ = 3/2 and τ = 1 respectively, in the first and second assertion of Corollary 1 and taking the relation
into account, we are led to the following Corollary 2. The following functions
are non-negatives.
Theorem 2. Under the conditions
the function
is non-negative.
Proof. In [19] , Luchko and Kiryakova proved that the function
is completely monotonic on (0, ∞) under the hypotheses (H 2 ). Therefore, the function
, is completely monotonic on (0, ∞), under the assumptions of hypotheses (H 2 ). This implies that the function G γ,τ α,β (z) defined by
is positive definite on R d . By repeating the same calculations in the Theorem 1, we get
Finally, using the fact that the Fourier transform for a function positive definite function is non-negative, we deduce that the function F (G γ,τ α,β )(|ξ|) is non-negative and this completes the proof of Theorem 2. 
Corollary 3. The following Fox H-functions
2β ) are non-negative. Finally, taking in account the Property 2 of Lemma 1 in the above functions we get the desired results.
Corollary 4. The following functions
(1,1),(
Proof. Taking d = 3, τ = 1 and τ = d − 1 in the first, second and third functions defined in Corollary 3 and applications of identity (3.22) we get the desired results.
Applications: Monotonicity properties for some class of functions related to the Fox-Wright functions
The purpose of this section is twofold. First we derive the monotonicity of ratios for some class of functions related to the Fox-Wright functions. Second, we give sufficient conditions for some functions involving the Fox-Wright functions to be completely monotonic. The following Theorem are powerful tools to treat the monotonicity of ratios between two Fox-Wright functions. 
Therefore,
In the case when the function g is increasing, the function f and g are synchoronous. Thus, by Lemma 5, we obtain
Then, keeping (4.27) and (4.28) in mind, we deduce that the function K Remark 1. We note that in the case when δ < 0 and the function t → tψ ′ (t)/ψ(t) is decreasing, we obtain the same monotonicity property of K 
Then the ratio: 
(ap,A) |t] is non-negative ( see [3, Remark 2] ). In our case, we let ψ(t) = (1 + t) −1 . it is clear that the function t → tψ ′ (t)/ψ(t) is decreasing on (−1, ∞) . So, applying Theorem 3, we deduce that the assertions asserted by Theorem 4 holds true.
is decreasing on (0, 1) where ϕ τ is the τ −Kummer hypergeometric, defined by [6] 
Proof. By virtue of Theorem 3 and Lemma 3, we can complete the proof of the above-asserted result immediately.
The function
is decreasing on (0, 1). Moreover, the function
is logarithmically completely monotonic on (0, 1).
Proof. We consider the second function defined in Corollary 1. In particular, the function
, is non-negative. So, in this case the hypotheses of Theorem 5 is equivalent to the hypotheses (H 4 ). Now, applying Theorem 5 and Lemma 3 respectively, we deduce that the above assertions holds. This ends the proof. is decreasing on (0, 1) . Moreover, the function
Proof. Again, by using Corollary 3 , we have that the function
is non-negative. In this case, the hypotheses of Theorem 5 is equivalent to the hypotheses of (H 5 ). Applying Theorem 5 and Lemma 3 leads to the desired results.
Obviously, by repeating the same calculations as above with Theorem 5, Corollary 3 (third function) and Lemma 3, we can deduce the following result:
is decreasing on (0, 1). In addition, the function
By repeating the procedure of the proofs of the above Corollary, and make use Theorem 5, Corollary 4 ( first function) and Lemma 3, leads us to the asserted results in Corollary 8. 
is decreasing on (0, 1). Furthermore, the function − z − η 3 e −ρ3z , are completely monotonic on (0, ∞).
Proof. Is an applications of Lemma 4, just we observe that the parameter of the first function of Corollary 4 and the hypotheses (H 10 ) satisfies the hypotheses of Lemma 4.
